Abstract. We introduce a new canonical height function for Jordan blocks of small eigenvalues for endomorphisms on smooth projective varieties over a number field. We prove that under an assumption on the eigenvalues of the endomorphism on the group of divisors modulo numerical equivalence, the arithmetic degree at a rational point is equal to one if and only if it is preperiodic under the endomorphism.
Introduction
Let X be a smooth projective variety and f : X −→ X a surjective endomorphism on X both defined over Q. Here an endomorphism simply means a self-morphism. Fix an ample divisor H on X defined over Q and take a Weil height function h H : X(Q) −→ R associated with H; see [HS, Theorem B.3.2] and [Lan, Chapter 3 and 4] . For a point P ∈ X(Q), the arithmetic degree α f (P ) of f at P is defined by α f (P ) := lim n→∞ max{h H (f n (P )), 1} 1/n .
It is known that the arithmetic degree α f (P ) does not depend on the choice of H and h H ; see Remark 2.2. This paper is motivated by the following result of Kawaguchi and Silverman: they proved that either α f (P ) = 1, or α f (P ) is equal to the complex absolute value of an eigenvalue of the linear self-map
induced by f ; see [KS3, Remark 23] for details. Here, N 1 (X) denotes the group of divisors on X modulo numerical equivalence, and we put N 1 (X) Q := N 1 (X) ⊗ Z Q. We say that a point P ∈ X(Q) is preperiodic under f if f m (P ) = f n (P ) for some m > n ≥ 1. It is easy to see that if P is preperiodic under f , we have α f (P ) = 1. In this paper, we shall provide a sufficient condition under which the converse is true.
Let V H be the Q-linear subspace of Pic(X) Q := Pic(X)⊗ Z Q spanned by the set {(f n ) * H | n ≥ 0}, and V H the image of V H in N 1 (X) Q . It is known that V H and V H are finite dimensional Q-vector space; see Lemma 4.3. Theorem 1.1. Let X be a smooth projective variety defined over Q, and f : X −→ X a surjective endomorphism on X over Q. Assume that 1 does not appear as the complex absolute value of an eigenvalue of the linear self-map
We put µ H (f ) := min |λ| λ is an eigenvalue of f * : V H −→ V H with |λ| ≥ 1 .
Then for every point P ∈ X(Q), the following conditions are equivalent.
• P is preperiodic under f .
• α f (P ) < µ H (f ).
• α f (P ) = 1.
To prove this theorem, we shall introduce the notion of canonical heights for Jordan blocks of small eigenvalues, which are defined on the set lim ← − f X(Q) := sequence (P n ) n∈Z ∈ X(Q) Z f (P n ) = P n+1 for all n ∈ Z .
For each m ∈ Z, we set
Note that if f is an automorphism, the set lim ← − f X(Q) is identified with the set {f n (P ) | n ∈ Z}, which is the union of the forward f -orbit of P and the forward f −1 -orbit of P . The canonical heights for Jordan blocks associated with an eigenvalue λ ∈ C satisfying |λ| > 1 were introduced by Kawaguchi and Silverman in [KS3, Theorem 13] . We generalize their results to eigenvalues whose complex absolute values are different from 0 and 1 using the set lim ← − f X(Q).
Theorem 1.2 (The canonical heights for Jordan blocks). Let X be a smooth projective variety defined over Q, and f : X −→ X a surjective endomorphism over Q. Let λ ∈ C be a complex number with |λ| = 0, 1.
where we set
Then there are unique functions
satisfying the normalization condition
and the functional equations
where we set h D −1 := 0.
Remark 1.3. Kawaguchi and Silverman proved the following results in [KS1] . Assume that f : X −→ X is a polarized surjective endomorphism (i.e., there is an ample R-divisor H satisfying the numerical equivalence f * H ≡ δ f H for some δ f ∈ R >1 ). Then we have α f (P ) ∈ {1, δ f } for any point P ∈ X(Q). Furthermore, we have α f (P ) = 1 if and only if P is preperiodic under f ; see [KS1, Proposition 7] for details. So Theorem 1.1 can be regarded as a generalization of this fact.
We now briefly sketch the plan of this paper. In Section 2, we set some notation and definitions. In Section 3, we introduce the notion of the canonical heights for Jordan blocks associated with eigenvalues whose complex absolute values are different from 0 and 1. It simplifies the proof of Theorem 1.1. In Section 4, we prove Theorem 1.1. Since Theorem 1.1 is a refinement of the results proved by Kawaguchi and Silverman in [KS3] , we often refer to their paper [KS3] . In Section 5, we provide an application to the relation between the dynamical degree and the arithmetic degree; see Proposition 5.4. We prove a conjecture proposed by Kawaguchi and Silverman for certain endomorphisms on smooth projective varieties. Finally, we give some remarks on the dynamical degrees and the proof of Theorem 1.1.
Notation and definitions
In this paper, we use following notation.
• Q, R, and C are the set of rational numbers, real numbers, and complex numbers, respectively.
• In this paper, we work over Q. Recall that there is a Weil height function h : Q −→ R satisfying Northcott's property. Namely, for any positive integer d and for any real number B, the set
is finite; see [HS, B.3] and [Lan, Chapter 3 and 4 ].
• X is a smooth projective variety defined over Q.
• H is an ample divisor on X defined over Q.
• f : X −→ X is a surjective endomorphism on X over Q.
is the degree of extension of function fields.
• The forward f -orbit of a point P ∈ X(Q) is the set Ø f (P ) := {f n (P ) | n ≥ 0}.
• P ∈ X(Q) is said to be preperiodic (resp. wandering) under f if the forward f -orbit Ø f (P ) is finite (resp. infinite).
• Div(X) is the group of divisors on X defined over Q.
• Pic(X) is the Picard group of X.
• N 1 (X) is the quotient group of Pic(X) by the numerical equivalence.
• For a divisor D ∈ Div(X), fix a Weil height function
see [HS, Theorem B. 3.2] and [Lan, Chapter 4, Theorem 5 
Definition 2.1. We define the arithmetic degree of f at P ∈ X(Q) by
Remark 2.2. Kawaguchi and Silverman proved the existence of the arithmetic degree α f (P ); see [KS3, Theorem 3] . It is also known that α f (P ) does not depend on the choice of H and of h H ; see [KS2, Proposition 12] .
Definition 2.3. For a linear self-map ϕ : V −→ V on a finite dimensional vector space V over a subfield K of C, the set of all the eigenvalues of ϕ on V ⊗ K C is denoted by EV(ϕ; V ). For a real number B ∈ R, we define EV(ϕ, B; V ) := {λ ∈ EV(ϕ; V ) | |λ| ≥ B} .
Definition 2.4. We say a sequence (
is defined and we regard it as the left shift operator. We also define the right shift operator
Definition 2.5. For a non-negative integer l ≥ 0 and a complex number λ ∈ C, let
be the Jordan block matrix of the size (l + 1) × (l + 1).
Definition 2.6. The symbol · denotes the sup norm of a (column) vector or a matrix of complex numbers, i.e., for vectors v = t (a 0 , . . . , a l ) ∈ C l+1 and matrices A = (a i,j ) 0≤i,j≤l with complex coordinates, we set
Remark 2.7. For a (column) vector v ∈ C l+1 and a square matrix A of size (l + 1) × (l + 1), we have
We frequently use this inequality.
The canonical heights for Jordan blocks
In this section, we shall prove Theorem 1.2. We shall introduce the canonical heights for Jordan blocks whose complex absolute values are different from 0 and 1. Our canonical heights are generalizations of the canonical heights introduced by Kawaguchi and Silverman in [KS3] for eigenvalues whose complex absolute values are greater than 1.
In the following, let Λ be the Jordan block matrix of the size (l + 1) × (l + 1) as in Definition 2.5.
(e) If λ = 0, for any nonzero vector v ∈ C l+1 \ {0}, we have
Proof. 
Since any two norms on C l+1 are equivalent to each other, there are positive real numbers C, C ′ ∈ R >0 such that for all v ∈ C l+1 , the following inequalities hold
Combining these inequalities with (d), we get
Proposition 3.2 (The axiomatic canonical heights for Jordan blocks).
Let λ ∈ C be a complex number satisfying |λ| = 0, 1. Let S be a set with a self-bijection R : S −→ S, and h : S −→ C l+1 a vector valued function satisfying
Then there is a unique function h : S −→ C l+1 satisfying the functional equation
and the normalization condition
Proof. We shall give a proof of the assertion for λ satisfying 0 < |λ| < 1. If 1 < |λ|, we can prove it similarly using the inverse map of R instead of R. See also [KS3, Theorem 13] . First, we shall define h. Let
be the error function. There is a constant C 0 > 0 satisfying E(x) < C 0 for any x ∈ S. We define
To prove that it is well-defined and satisfies the normalization condition, it suffices to prove that the series
converges and is bounded by a constant which is independent of x ∈ S. These assertions follow from the following calculation.
where C 1 and C 2 are constants independent of x ∈ S.
Next, we shall prove that h satisfies the functional equation. It follows from the following formal calculation.
Finally we shall prove the uniqueness of h. Let both h and h ′ be vector valued functions satisfying the functional equation and the normalization condition. We set g := h− h ′ . Then g is a bounded function satisfying the functional equation g • R = Λ −1 g. Assume that g(x) = 0 for some x ∈ S. Then we get
where the first inequality follows from the boundedness of g, and the last equality follows from Lemma 3.1 (e). This contradicts the assumption 0 < |λ| < 1. Consequently, we have g(x) = 0 for any x ∈ S.
Proof of Theorem 1.2. If 0 < |λ| < 1 (resp. 1 < |λ|), the assertion follows by applying Proposition 3.2 to the set lim ← − f X(Q), the vector valued height function
and the right shift operator
(resp. left shift operator).
Proposition 3.3. Let notation be the same as in Theorem 1.2. Moreover, assume that 0 < |λ| < 1. Then for every j (0 ≤ j ≤ l) and for every point P ∈ X(Q), the sequence {h D j (f n (P ))} n≥0 is bounded.
Proof. For a point P ∈ X(Q), take an f -orbit (P n ) n∈Z of P . Let
be the vector valued height function. Take the canonical height function h D j as in Theorem 1.2 and let
be the vector valued canonical height function. There is a real number C ∈ R >0 such that for every f -orbit (P n ) n∈Z and every m ≥ 0, we have
When m goes to ∞, the last term converges to C by Lemma 3.1 (b). Hence the assertion follows.
Remark 3.4. It is possible to prove Proposition 3.3 directly without using Theorem 1.2. But the canonical heights for Jordan blocks are interesting themselves, and they make the proof clearer.
4. Proof of Theorem 1.1
In this section, we shall prove Theorem 1.1. Before giving the proof, we give easy lemmata in linear algebra which we frequently use in the proof.
Lemma 4.1. Let U, V be finite dimensional vector spaces over a field, and
EV(ϕ U ) coincides with the set {λ ∈ EV(ϕ V ) | ∃v ∈ V s.t. πv = 0 and ϕ V v = λv} .
(c) Let notation be as in (b). Let λ ∈ EV(ϕ V )\ EV(ϕ U ), and let v 0 , v 1 , . . . , v r ∈ V satisfy
where we set v −1 := 0. Then we have πv j = 0 for every j (0 ≤ j ≤ r).
Proof. Lemma 4.2. There is a monic integral polynomial P f (t) ∈ Z[t] such that P f (f * ) annihilates Pic(X).
Proof. See [KS3, Lemma 19].
We also recall an important lemma about the finiteness of the dimension of the Q-vector space V H . Lemma 4.3. The Q-vector subspace V H of Pic(X) Q is finite dimensional.
Proof. Let P f (t) ∈ Z[t] be the monic polynomial as in Lemma 4.2. Consider the Q-subspace V ′ H of Pic(X) Q spanned by the set Proof of Theorem 1.1. Set (V H ) C := V H ⊗ Q C. We decompose the Cvector space (V H ) C to the Jordan blocks as
Here, each V i satisfies f * (V i ) ⊂ V i and f * | V i is represented by a Jordan block matrix of eigenvalue λ i as in Definition 2.5. By relabeling, we may assume that
By assumption, no λ ∈ EV(f * ; N 1 (X) Q ) satisfies |λ| = 1. Let {D i,j | 0 ≤ j ≤ l i } be the C-basis of V i satisfying the following linear equivalences
where we set D i,−1 := 0. Take the canonical height for Jordan blocks as in Theorem 1.2 for each 1 ≤ i ≤ σ and 0 ≤ j ≤ l i . If a point P ∈ X(Q) is preperiodic point under f we have
Conversely, we assume that α f (P ) < µ H (f ). We shall prove that P is preperiodic under f . If h D i,j (P ) = 0 for some index (i, j) with 1 ≤ i ≤ σ, fix such an index i 0 and let j 0 be the smallest index satisfying h D i 0 ,j 0 (P ) = 0. Then we have
Consequently, the arithmetic degree is bounded as follows.
. This is a contradiction. Thus, we now have h D i,j (P ) = 0 for every 1 ≤ i ≤ σ and 0 ≤ j ≤ l i .
Write H = i,j a i,j D i.j and fix an ample height h H with h H ≥ 1. Since for τ + 1 ≤ i ≤ ν, the C-divisors D i,j are algebraically equivalent to 0, the following inequality holds on X(Q):
(see [HS, Theorem B.3 .2 (f)]). Now, from the fact we proved above and Proposition 3.3, for 1 ≤ i ≤ τ and 0 ≤ j ≤ l i , the heights h D i,j are uniformly bounded by a constant on the forward f -orbit of P . Consequently, we can find a constant C > 0 such that the following inequalities
hold for all n ≥ 0. The finiteness of the number of elements of the set {h H (f n (P )) | n ≥ 0} follows from this inequality. Since the ample height function satisfies Northcott's property, the point P is preperiodic under f .
Applications to arithmetic and dynamical degrees
In this section, we provide an application of Theorem 1.1 to the conjecture stated by Kawaguchi and Silverman in [KS2, Conjecture 6] . Let notation be the same as in Section 2.
Definition 5.1. The (first) dynamical degree of a surjective endomorphism f : X −→ X is defined by
Remark 5.2. One can see that
|λ| by the same way as Remark 5.10. More generally, the dynamical degree is defined for dominant rational self-maps. The existence of the limit defining δ f and the independence of δ f on the choice of H are known. It is also known that δ f is equal to
see [Gue, Proposition 1.5] .
Recall that V H is a Q-linear subspace of Pic(X) Q spanned by the set
Proof. Since f * f * is the multiplication by deg f on Pic(X), the map f * is injective on Pic(X) Q . In particular, the map f
Proposition 5.4. Let X be a smooth projective variety defined over Q. Let H be an ample divisor on X defined over Q, and f : X −→ X a surjective endomorphism on X over Q. Assume that δ f > (deg f ) 2 and dim Q V H ≤ 2. Then for every point P ∈ X(Q), P is wandering under f (i.e., the forward f -orbit of P is an infinite set) if and only if α f (P ) = δ f . In particular, if the forward f -orbit of P is Zariski dense in X, we have α f (P ) = δ f .
Proof. By Remark 5.10, the dynamical degree δ f appears as an eigenvalue of f * : V H −→ V H . If we have dim Q V H = 1, the ample R-divisor H satisfies the following numerical equivalence
In this case, it is well-known that P is wandering under f if and only if α f (P ) = δ f . See [KS1, Proposition 7] for details. So we may assume dim Q V H = 2. Since f * : V H −→ V H and f * : V H −→ V H come from the Z-linear self-maps on N 1 (X), their eigenvalues are algebraic integers. Let det(f * | V H ) and det(f * | V H ) be the determinants of the Q-linear maps f * : V H −→ V H and f * : V H −→ V H , respectively. Since det(f * | V H ) is a non-zero rational number which is also an algebraic integer, we have det(f * | V H ) ≥ 1.
Thus, we have
Let {δ f , λ} be the eigenvalues of f * : V H −→ V H . Since we have
Now let P ∈ X(Q) be a wandering point under f . By Theorem 1.1, we get α f (P ) ≥ µ H (f ) = δ f . The opposite inequality α f (P ) ≤ δ f is known in general; see [KS2, Theorem 4] , [Mat, Theorem 1.4] for dominant rational maps, and see also the last sentence of the proof of Theorem 3 in [KS3] for surjective endomorphisms. Hence the assertion α f (P ) = δ f follows.
Remark 5.5. If f : X −→ X does not satisfy the assumption δ f > (deg f ) 2 , the assertion that P is wandering under f if and only if α f (P ) = δ f may not be true. For example, consider the elliptic curves E and E ′ over Q, and a non-torsion point P 0 ∈ E ′ (Q). Then for the self-morphism f :
Every rational point (Q, R) ∈ E(Q) × E ′ (Q) is wandering under f . On the other hand, the arithmetic degree α f (Q, R) is equal to 4 if and only if Q is non-torsion.
Example 5.6. The following example was studied by Silverman; see [Sil, Theorem 1 .1] for details. Let X be the smooth projective surface contained in P 2 ×P 2 defined over Q which is given by the intersection of an effective divisor of type (1, 1) and an effective divisor of type (2, 2). Thus X is the locus of the points ((x 1 : x 2 : x 3 ), (y 1 : y 2 : y 3 )) ∈ P 2 × P 2 satisfying the following equations
The projections p i : X −→ P 2 (i = 1, 2) induced by the natural projections p i : P 2 × P 2 −→ P 2 (i = 1, 2) are both double covers of P 2 . For i = 1, 2, let σ i ∈ Aut(X) be the involution induced by the double cover p i . Then the automorphism f := σ 1 •σ 2 on X satisfies the condition of Proposition 5.4. For i = 1, 2, let D i be the divisor on X which is given by pulling back the hyperplane section of P 2 by p i . Then the sum H := D 1 + D 2 is an ample divisor on X, and the Q-linear subspace V H is spanned by D 1 and D 2 ; see [Sil, Lemma 2 .1] and [Sil, Proposition 2.5 ].
Example 5.7. Let X := E × E, where E is an elliptic curve defined over Q without complex multiplication. Let f : X −→ X be the endomorphism defined by
where H E is an ample divisor on E, and p i : X −→ E (i = 1, 2) is the projection to the i-th component. Let ∆ be the diagonal divisor in X, and we put
We calculate f * D i (i = 1, 2, 3) as follows:
Then the following R-divisors
satisfy the following numerical equivalences
By Theorem 1.1, a point P ∈ X(Q) is preperiodic under f if and only if we have α f (P ) = 1. Now f is an automorphism whose inverse map is given by (x, y) → ([4]x − y, x). On the other hand, g := [2] • f : X −→ X is a surjective endomorphism, which is not an automorphism. Since we have g * = 4 · f * on N 1 (X), the eigenvalues of g * | V H are 28 + 16 √ 3 (> 1) and 28 − 16 √ 3 (< 1). Hence a point P ∈ X(Q) is preperiodic under g if and only if we have α g (P ) < 28 + 16 √ 3.
We provide some remarks on the dynamical degrees and the difference between the Jordan blocks of f
Remark 5.8. Let X be a smooth projective complex variety and f : X X a dominant rational map. Fix an closed immersion ι : X −→ P N and a hyperplane H in P N . Put H X := ι * H and ω X := ω F S , where ω F S is the Fubini-Study form on P N . Then we have
Remark 5.10. Assume that f : X −→ X is a surjective endomorphism. Then we can see
by the following argument. For D ∈ N 1 (X) R , we put
Then since · is a non-trivial norm on N 1 (X) R , the quantity (f n ) * := sup
is the operator norm of (f n ) * : N 1 (X) R −→ N 1 (X) R . Thus we see that
|λ|.
Hence we obtain the following inequalities
Hence δ f is equal to the spectral radius of f * : V H −→ V H . Since f * preserves the cone generated by ample classes in V H , we also have δ f ∈ EV(f * ; (V H ) R ) by [Bir, Theorem] .
Remark 5.11. Let notation be as in Section 2. It is a natural problem to understand the difference of EV(f * ; V H ) and EV(f * ; V H ), and the difference of the size of the Jordan blocks of the linear maps f * | V H and f * | V H . Let L be the Z-submodule of Pic(X) generated by the set {(f n ) * H | n ≥ 0}. Let L be the image of L in N 1 (X). By [KS3, Lemma 19] , L and L are finitely generated abelian groups. If it is necessary, by replacing H by a multiple of H, we may assume L and L do not have torsion elements. Let π : L −→ L be the canonical surjection, and put M := ker π. We also put W : = M ⊗ Z Q. Then M is a subgroup of Pic 0 (X). Let ϕ : Pic 0 (X) −→ Pic 0 (X) be the morphism induced by f . Let
be the C-linear map induced by f . Let F (t) be the characteristic polynomial of ϕ ′ . Since H 1 (X, O X ) is isomorphic to the Lie algebra of Pic 0 (X), we have F (ϕ) = 0 on Pic 0 (X). Hence in particular, we get F (ϕ| M ) = 0. Since W is generated by M, we also get F (ϕ| M )=0. Consequently, the spectral radius of f * : W −→ W is less than or equal to the spectral radius of ϕ ′ . Combining Remark 5.8, Remark 5.9, and Remark 5.10, we obtain that the spectral radius of f * : W −→ W is less than or equal to δ f .
Therefore, for λ ∈ C with |λ| > δ f , the Jordan normal form of f * : V H −→ V H associated with the eigenvalue λ is identified with the Jordan normal form of f * : V H −→ V H associated with λ by the canonical projection pr : V H −→ V H .
